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I consider doping in a class of quasi one dimensional (1D) systems having a spin gap and a large charge gap, as well as high-T c superconductors. The effective theory is the one of randomly distributed spin-1/2 objects interacting with an exchange decaying exponentially with distance. These systems have a variety of quantum ground states in 1D. These ground states are not "quantum protected". The existence / absence of quantum protection is related to the strength of interactions: strong interactions lead to quantum protection. The impurity state of a model for substituting the Cu sites of a high-T c superconductor is found to be non protected, and therefore the magnetic moments are screened by the Kondo effect rather than singlet formation. There is a temperature window in which magnetic correlations are important while the Kondo effect has not yet occurred. I also propose a 3D, non protected quantum spin glass. 3D ordering in the non protected models can be described by a universal classical model, which is solved on a hierarchical lattice structure, showing the existence of a genuine thermodynamic phase transition at a temperature proportional to the doping concentration.
Introduction
Low dimensional antiferromagnetic (AF) systems have many fascinating properties, with a wide variety of quantum ground states. Half-integer spin chains are gapless while integer spin chains have a finite energy gap [1] . The coupling to phonons in a spin-1/2 quasi one dimensional magnet can lead to a finite dimerization and a spin gap, with a ground state order parameter made of singlets on the strong bonds. One would like to understand how these quantum ground states react to the presence of impurities, which can lead to magnetic ground states such as antiferromagnetism (and possibly spin glass ordering also in some cases). It is a natural question to ask whether the new ground state is still strongly controlled by quantum fluctuations, as for the undoped system. The doped 1D system is a special quantum spin glass with exponentially decaying interaction between spin-1/2 moments distributed at random [2, 3] . This model is very fragile upon increasing the temperature and including interchain interactions: this state is not quantum protected, a concept introduced recently to describe collective states such as the quantum Hall effect or high-T c superconductors [4, 5] . I discuss how the presence / absence of quantum protection is related to the effective interactions in the disordered magnet. It is found that strong interactions favor quantum protection. A model in which the Cu sites are substituted in a high-T c superconductor is considered [6, 7] . The impurity state appears not to be quantum protect. Therefore, the spin-1/2 moments are screened by the Kondo effect, not by singlet formation. We find the existence of a temperature window in which the system has important magnetic correlations while the Kondo effect has not yet occurred. I also consider a non protected quantum spin glass model made of stacked triangular planes in the presence of a spin-Peierls instability.
A question debated in the 80's in spin glasses was to know whether there was a genuine phase transition. The question is relevant also to our model without spin protection. One may be tempted to think that exponentially weak interactions in randomly distributed magnetic moments are not strong enough to generate a 3D long range order, but instead generate a 3D Griffiths magnetism.
At least this is what is obtained if one analyzes the percolation transition of the clusters of spins connected with an exchange larger than the temperature [8, 9] . Here, I prove on the contrary the existence of a genuine phase transition by an economical argument: I solve the model on a hierarchical lattice where the Migdal -Kadanoff renormalization group (RG) is exact.
The article is organized as follows. Section 2 is devoted to recent experiments in doping spinPeierls systems and spin-1 Haldane gap systems. The model is presented in section 3. Quantum protection is discussed in section 4. A proof of the existence of a genuine phase transition in the classical model is given in section 5. Concluding remarks are given in section 6. 3 The model
The effective model of doped spin-Peierls system
The relevance of local spin-1/2 degrees of freedom in doped spin-Peierls systems has been put forward by various authors [24, 25, 26] , but it appears that the model proposed by Fabrizio and Mélin [2, 3] is the first relevant attempt to describe the collective impurity state and shows strong signs of compatibility with experiments [8, 9] . Other models with a doubtful relevance have been proposed in the past [27, 28] .
The solitons have a finite extension, of order of the correlation length of magnetic excitations of the pure gaped system. Because of interchain correlations, the solitons do not move freely, and we consider them as pinned at the impurity sites. We refer the reader to the series of articles [29, 30, 31, 32, 33] for a detailed investigation of the soliton physics. For our purpose, we consider a model in which the solitons are viewed as randomly distributed localized spin-1/2 moments. This is supported by the experimental evidence that the density of magnetic moments is equal to the density of impurities [34, 35] . The magnetic moments interact via an effective Heisenberg Hamiltonian
with an exchange decaying exponentially with distance:
where ξ x and ξ y are the correlation lengths in the direction of the chains and perpendicular to the chains respectively [8, 9, 29] . The interactions Eq. 2 are mediated by virtual excitations of the gaped medium, and therefore decay exponentially with distance. The form Eq. 2 of the exchange incorporates a correlation length in the transverse direction shorter than in the longitudinal direction (ξ y = ξ x /10, and ξ x ≃ 10 in CuGeO 3 [36, 37] ). The exchange Eq. 2 is staggered because the dimerized pattern propagates staggered antiferromagnetic correlations.
It has become clear that the physics of the Hamiltonian Eqs. 1, 2 was compatible with experiments in doped CuGeO 3 . The Hamiltonian Eqs. 1, 2 is the correct exact low energy model of randomly distributed domain walls in a dimerized pattern in 1D and in the XX limit [2] . On the other hand, numerical works based on a model with quantum phonons have shown that the Hamiltonian Eqs. 1, 2
is a valuable at low energy [29] . Useful relevant physical quantities have been calculated from the effective Hamiltonian by the decimation and cluster RG methods [8, 9] . It has been shown that the susceptibility calculated from the cluster RG has a behavior compatible with the experimentally observed antiferromagnetic susceptibility [9] .
The effective model of doped spin-1 Haldane gap systems
A paramagnetic impurity introduced in a spin 1 Haldane gap chain cuts the chain in two parts, and generates two localized edge spin-1/2 moments at the right and the left of the impurity [38] , which can be understood from the Valence Bond Solid model [39] and has been probed in electron spin resonance experiments [40] . In the presence of a finite concentration of impurities in a quasi 1D spin 1 system, the spin-1/2 moments are coupled by the exchange Eq. 2, decaying exponentially with distance. Interchain interactions tend to correlate two neighboring edge moments in a ferromagnetic alignment, leading to an additional ferromagnetic exchange across the impurity. The RG of a model with random bonds in 1D has shown the existence of a finite correlation length in the presence of a small dilution [41, 42] . Exact diagonalizations of the Jordan Wigner Hamiltonian at the XX point of the effective model have shown the presence of a finite correlation length for paramagnetic doping, and random singlet correlations for spin-1/2 doping [43] . This is not unexpected since a unit of three spin-1/2 moments carries a spin-1/2.
Quantum protection
Doping a spin gap state can lead to very different situations, and, in order to discuss quantum protection, we are lead to consider the following classification.
The doped model in 1D reduces to a random AF chain
This is the case of the doped spin-Peierls model [2, 3] , the spin-1 Haldane gap chain with spin-1/2 doping [43] and ladders [44, 45, 46] . The 1D model has log-Griffiths singularities, with a susceptibility
at which the RG flow has crossed-over to the random singlet fixed point [3, 47] . When T ∼ J typ , the correlations scale like
, with a correlation length diverging at T = 0: ξ T ∼ xξ 2 0 ln 2 (∆/T ). The order of magnitude of the ordering temperature can be obtained via the heuristic Stoner criterion [8] :
is to consider χ s (T ) ∼ x/T and replace ξ(T N ) by the correlation length of the pure gaped system, leading to [8] T
Apart from the prefactor J ⊥ , the Néel temperature is of order of the average exchange J av = dlP (l)J(l) below which magnetic fluctuations become important. This has the merit to be compatible with experiments in doped CuGeO 3 where the absence of a critical doping was reported [18] .
There is no quantum protection in this situation. This can be seen explicitly on the following model: consider two spin-1/2 moments at a distance l and coupled antiferromagnetically: H = J(l)S 1 .S 2 . We have J(l) = ∆ exp (−l/ξ) and the bond length distribution is P(l) = x exp (−xl). The probability P s (T ) to find the system in the singlet state measures how much of the quantum ground state survives at a finite temperature. It is
where we used the dimensionless parameter u = βJ. The integral in Eq. 5 is dominated by the small exchanges and we have P s (T ) ≃ 1 − κ(T /∆) xξ , with κ a numerical factor. We are lead to conclude that the ground state occupancy is close to unity only below the energy scale J typ ∼ ∆ exp (−1/(xξ)).
The calculation can be made even simpler by noticing that only the disorder configurations in which the exchange is larger than ∼ T are in a singlet configuration. This leads to 
The low temperature internal energy can be easily expanded in T :
In the relevant regime xξ ≪ 1, nothing happens in U (T ) when T ∼ J typ . On the contrary, as shown on Fig. 1 , the regime in which U (T ) is linear in T appears when T is a fraction of ∆. Therefore, magnetic correlations exist already in a regime where the system is not represented by the singlet ground state: the ground state is not quantum protected.
The doped model in 1D does not reduce to the random AF chain
This is the case for various systems having a "weakly ordered" behavior at low doping /disorder:
(i) the spin-1 chain with paramagnetic doping [41, 42, 43] ; (ii) the dimerized chain with random exchanges [48] ; (iii) the Ising chain in a transverse field [49, 50] . The low temperature staggered susceptibility has a power-law Griffiths singularity χ s ∼ x/T α , with α ∼ 1 + λxξ, and λ a dimensionless parameter. The correlation length is finite at zero temperature. This 1D Griffiths quantum state is very different from the one in the section 4.1. Nevertheless, the Stoner criterion leads to the ordering temperature
In the small dilution regime xξ ≪ 1, the ordering temperature Eq. 8 is identical to Eq. 3, which shows that the nature of the quantum state in 1D is not essential to 2D or 3D ordering. This argument has been obtained at the level of a Stoner criterion, but we think it is a generic a feature of the models, not of the treatment of the models. This suggests the existence of a universal classical model to describe ordering, which we solve in section 5. This also give a heuristic understanding of why doped spin-1 compounds can order with a small paramagnetic doping, and is consistent with experiments on the PbNi 2 V 2 O 8 compound [21] .
Doping High-T c superconductors
It has been proposed that substitution of the Cu sites in high-T c superconductors generate bound states with a spin-1/2 moment. Two moments on an opposite sublattice have an exchange scaling
with ∆ an energy scale and ξ a length scale [6, 7] . This interaction is screened in the many impurity problem [6, 7] , with
We first consider the unscreened problem as a toy model and next discuss screening.
Toy model with unscreened interactions
Let us compare the temperature below which the system is dominated by the quantum mechanical ground state (the typical exchange) with the temperature below which magnetic correlations are important (the average exchange). For this purpose, we use a class of interactions more general than Eq. 9: J(l) ∼ ∆(ξ/l) α , where we have discarded the slowly varying logarithm, not crucial to the discussion. The typical exchange corresponds to a regular array of magnetic moments:
This can also be seen by considering only two spins. The singlet occupancy at a finite temperature is
where we used the notation γ = l/ξ, introduced a short scale cut-off a and used the Wigner spacing distribution of randomly distributed objects in 2D. The physics associated to the quantum mechanical ground state occurs below the temperature J typ = ∆(ξ √ x) α . The average exchange is If α ≤ 2, J av is cut-off independent, and equal to J typ up to a numerical factor. In this case, the physics associated to magnetic fluctuations and the physics associated to the quantum ground state both occur at the same temperature: the system is quantum protected. One could imagine making a cluster RG similar to Ref. [51] in which a singlet pairing is expected at high temperatures.
If α > 2, one has J av ∼ (xξ 2 ) α/2 (xa 2 ) 1 −α/2 , far above J typ . The physics associated to singlet pairing occurs at a temperature far below the appearance of magnetic correlations: the system is not quantum protected. This shows the relation between interactions and quantum protection: only the systems with strong interactions are quantum protected.
Screening
In the model with the screened interactions Eq. 10, quantum coherence occurs below the typical
. We do not come to an agreement with what has been proposed by Pépin and Lee who described the enhancement of magnetic correlations from the calculation of the low temperature Griffiths singularity [52] . The ground state occurring below J typ appears to be unrelated to the magnetic correlations occuring at the energy scale J av ∼ ∆ξ √ x. Now, the Kondo effect occurs at a given energy scale T K ∼ |h i | 2 t with t ∼ 0.4 eV the bandwidth and |h i | 2 a parameter of order ∼ 0.1 [7] . T K is expected to be below J av , and there is a temperature window T K ≪ T ≪ J av in which magnetic correlations appear.
Quantum spin glasses in 3D
Firstly, the previous argument applies to the RKKY spin glass with α = 3, which is found to be non protected. There has been recently a renewed of interest in quantum spin glasses and it has been shown recently that a p-spin spherical model has a quantum mechanical driven first order transition [53] . This suggests that this model is quantum protected. On the other, we can propose a spin glass model that is not quantum protected and would have a classical physics. For this purpose, let us consider a quasi one dimensional system on a 2D triangular lattice with a dimerization (see Fig. 2 ), and consider a 3D system obtained by stacking such planes. We assume that interchain couplings inside the planes have the same magnitude as interplane couplings. An vacancy generates an unpaired spin-1/2 moment confined at the impurity site, which we consider as localized. The spin-1/2 moments interact with a staggered exchange decaying exponentially with distance. Therefore,
we are left with a problem with exponentially decaying frustrated interactions. This is expected to be a quantum spin glass without quantum protection.
RVB Ground state
This is a type of system that cannot be described in the same framework. An example is the Heisenberg model on the Kagome lattice, which has a short ranged RVB ground state [54] , a continuum of singlet states at low energy, and a gap to the triplet excitations [55] . Not many things are known about doping these systems. A possible approach would be to construct the short range RVB coverings in the presence of vacancies. If we think in terms of a single vacancy in a finite lattice with an even number of sites, there is an unpaired spin-1/2 moment, which is not bind to the vacancy site.
Therefore, the short range RVB ground state of the dilute Kagome lattice is not expected to have a physics described by the model Eqs. 1, 2 in which the valence bonds do not resonate. (i) The model is not quantum protected.
(ii) There is no hope that the quantum mechanical problem orders if the classical problem does not. AF ordering is 3D. The 3D model is above the lower critical dimension of the quantum
(iii) What is missing in an Ising model is spin waves which I am not discussing here. The spin waves might be localized even in 3D. Nevertheless, the Ising model is appropriate for calculating the 3D ordering temperature. Two approaches have been used previously: (i) the percolation model does not show any sign of a thermodynamic transition [8] ; (ii) a finite transition temperature has been obtained in a BethePeierls method. The drawback is that one artifact of the Bethe-Peierls method cannot be avoided:
the model orders with a finite correlation length. This is why we consider here a hierarchical lattice, for which it is known that the ordinary Ising model has a genuine phase transition [56] . Moreover, hierarchical lattices have proved to be useful in the past to solve spin glass models [57, 58] .
More specifically, I consider a spacing variable l to be attached to each of the bonds of a hierarchical diamond (see Fig. 3 ). The corresponding exchange is obtained through the relation J(l) = ∆ exp (−l/ξ). The variable l is drawn from a Poisson distribution P (l) = x exp (−xl). The model can be easily extended to incorporate a 2D Wigner spacing distribution. Interchain couplings would lead to a renormalization of the ordering temperature which I do not discuss here.
There is a major difference between this type of renormalization and a cluster RG. In a cluster RG (see for instance [9, 51, 59, 60, 61] ), one would decimate first the strongest bonds, scale down an upper cut-off, and change the lattice geometry. This does not occur here because the RG transformations amount to geometrical transformations, independent on the strength of the couplings. This is valid because I consider a classical model in which all virtual excitations can be solved exactly.
Renormalization equations
Let us derive the RG equations. We consider the four links on Fig. 4 , trace the spins σ and σ ′ to transform the partition function into
withJ =J 1−3 +J 2−4 , and We start with a lattice with a given number of generations and decimate the bonds to obtain a lattice with one less generation. The exchanges are initially statistically independent random variables, and the renormalized exchanges remain statistically independent variables upon iterating the renormalization group. We note P (J 1 ),...,P (J 4 ) the bonds at the smallest scale. The RG equation of the bond distribution reads
It is useful to change variables to the bond lengths l = ξ ln (∆/J) and iterate the bond length distribution p(l) instead of the exchange distribution P (J).
Projecting the RG flow on a trial exchange distribution
Before discussing the numerical results, I would like to give a qualitative understanding of why a transition is present. For this purpose, let us make a crude approximation in which the RG flow is projected at each step onto the single parameter trial distribution p trial (l) = δ(l − L n ). This is done by imposing that the iterated distribution and the trial distribution have an identical first moment.
This leads to the initial condition
Next I consider the trial distribution p trial (l) = δ(l−L n ), perform one RG transformation, and project
≃ −ξ ln (2β∆) + 2L n in the limit of large L, relevant for discussing the stability of the paramagnetic phase. This leads to L n = ξ ln (2β∆) + (L 0 − ξ ln (2β∆)) 2 n . Using Eq. 13, I obtain a genuine phase transition at a temperature
This is a first qualitative evidence that the model has a thermodynamic transition. 
Numerical iteration of the RG equations
I iterate the bond length distribution, and use a discretization in which the lengths take integer values below a fixed upper length N . Generically, the renormalized length is not an integer, but I approximate it by the closest integer to update the bond length distribution. The lengths smaller than unity are set artificially to unity, and the lengths larger than N are set artificially to l = N .
This procedure is safe if we can check that the RG flow does not depend on N , which occurs when
A typical RG flow is shown on Fig. 5 , where the occurrence of a paramagnet / ferromagnet phase transition is visible. The evolution of the ordering temperature with increasing the parameter N is shown on Fig. 6 . It is clearly visible that the transition temperature saturates when N is increased, signaling the existence of a genuine phase transition.
The evolution of the bond length distribution is plotted on Fig. 7 for the RG trajectory flowing into the paramagnetic phase on Fig. 5 . It is visible that the bond length distribution gets close to a Gaussian, with a nearly constant width and an average bond length increasing upon iterating the RG. Therefore, projecting the RG flow on the trial distribution δ(l − L n ) is not unphysical. Our comments on a recent experiments in Y 2 BaNiO 5 [23] will be given elsewhere. I have also shown that quantum protection arises in the presence of strong interactions, which is not unexpected. I
could show that a model for substituting the Cu sites in a high-T c superconductor is not quantum protected, and that the Kondo effect is more efficient than singlet formation to screen the magnetic moments. Finally, the models considered here seem to be a good laboratory to study quantum protection in the future, because quantum protection can be "switched on" solely by controlling the strength of interactions. For instance, I can build 3D spin glass models with or without quantum protection.
